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In� uence of Curing Stresses on Extension–Twist Coupling
in Laminated Composite Strips

Andrew Makeev,¤ Erian A. Armanios,† and David Hooke‡

Georgia Institute of Technology, Atlanta, Georgia 30332-0150

An analytical model developed previously for the � nite displacement of laminated composite strips exhibiting
extension–twist coupling is extended to include the in� uence of hygrothermal stresses. A closed-form expression
for the twist associated with the curing stresses is derived. The relationship between applied extension and twist is
obtained in closed form as well, and the contribution of the curing stresses is isolated. A set of angle-ply laminated
composite strips made of a graphite/cyanate material system is manufactured and tested. A custom-made air
bearing apparatus is used in the testing to allow one end of the strip to twist as axial load is applied. Test results
depict the nonlinear axial force–twist behavior, and the analyticalpredictions are in close agreement with test data
and a geometrically nonlinear � nite element simulation.

Introduction

C OUPLING of deformation modes in laminated composites is
a unique tailoring tool that provides additional � exibility to

meet design requirements ef� ciently and economically. An exam-
ple is extension– twist coupling, which could be implemented in
composite rotor blades to control twisting motions at different ro-
tor speeds. Such a coupling is achieved in laminated composites
by using antisymmetricangle-plystackingsequences.These layups
lead to hygrothermal warping due to the curing stresses and re-
sult in a � nite twist of the laminate. Moreover, the relatively small
torsional-to-extensional-stiffness ratio in these laminates leads to
� nite twisting rotation as axial load is applied.These geometrically
nonlinear effects fall beyond the small displacement assumption of
classical lamination theory and need to be accounted for. To this
end, a geometrically nonlinear shell-type analysis was developed
in Ref. 1. The analysis was based on the assumption that a straight
line elementperpendicularto the middle surfacebeforedeformation
remains straightand inextensible.Closed-formaxial force– twist re-
lationships were obtained, and a number of approximate models
were derived. It was found that the variation of average transverse
normalstrain along the width and the free-edgeboundaryconditions
havean insigni� cant in� uenceon theaxial force– twist behavior.The
twistingmoment due to theaxial stressresultantswas found to repre-
sent the major contributionto the nonlinearbehavior.This analytical
model is extended in the present work to account for the in� uence
of hygrothermal stresses. Manufacturing and testing programs are
developedto validate the analyticalpredictionsby comparisonwith
test data. Comparisonof analyticalpredictionswith a geometrically
nonlinear � nite element simulation is also performed.

The analytical model is presented � rst, leading to a closed-form
expression for the induced twist associatedwith the curing stresses.
A closed-form expression is also derived for the axial force– twist
relationship.This is followed by a descriptionof the manufacturing
and testing programs. Finally, a comparison is presented among the
analytical predictions, � nite element simulation, and test data.

Development of Analytical Model
Displacement Field

The fundamental concept in developing a simple model for
the extension–� nite twist behavior of a beam lies in isolating the
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contributions of the small and � nite displacement � elds. The form
of the � nite displacementsis derivedby consideringthe rotationof a
thin-walled beam cross section. The associated out-of-planestrains
are brought to zero by rotating the straight line elements perpen-
dicular to the middle surface in the undeformed state. The resulting
� nite displacement � eld is subsequently modi� ed by a small dis-
placement � eld to account for all elastic strain components and to
satisfy the boundary conditions.

Consider the laminated compositestrip shown in Fig. 1. Its thick-
ness h is small relative to the width 2b, and its length L is large
compared to the width. The laminate has a constant initial twist rate
µ0 and is undergoinga constant elastic twist rate q about the x axis.
The associated strains are considered small and independent of x ,
and the material is assumed to be linearly elastic. The position vec-
tor of a material point in the initial state is derived kinematically
by considering a � nite twist of the initially � at strip, assuming no
out-of-planestrains, and keeping terms up to O.µ0 y/2 . The result is
expressed as

r0 D .x ¡ µ0 yz/ Oi C y Oe20 C z 1 ¡ 1
2 .µ0 y/2 Oe30 .1/

where the Oe20 and Oe30 are the unit vectors in the plane of the cross
section in the initial state following the transformation:

Oe20 D cos.µ0x/ Oj C sin.µ0x/Ok; Oe30 D ¡sin.µ0x/ Oj C cos.µ0x/Ok
(2)

The unit base vectors associated with the reference Cartesian coor-
dinate system x; y, and z, appearing in Fig. 1, are denoted by Oi; Oj,
and Ok, respectively.

The position vector of the material point in the deformed state is

r D [x ¡ .µ C µ0/yz C u] Oi C .y C v/ Oe2

C z 1 ¡ 1
2 .µ C µ0/

2 y2 C w Oe3 (3)

where Oe2 and Oe3 are the unit vectors expressed as

Oe2 D cos.µ0 C µ/x Oj C sin.µ0 C µ /x Ok
(4)

Oe3 D ¡sin.µ0 C µ/x Oj C cos.µ0 C µ/x Ok

and

u D "0x C U .y; z/; v D V .y; z/; w D W .y; z/ .5/

are the components of the small displacementvector

u D u Oi C v Oe2 C w Oe3 .6/

which accounts for all deformation modes. The axial strain is de-
noted by "0 in Eq. (5).

1714



MAKEEV, ARMANIOS, AND HOOKE 1715

Fig. 1 Laminated strip geometry and coordinate system.

Consistent with the thin-walled strip geometry, the following
bounds are imposed on the geometric and displacement variables:

h

b

2

D O."/; .µb/2; .µ0b/2 D O."/
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@W
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@W

@z
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.µV /; .µW /; .µ0V /; .µ0W / D O "
3
2

where " denotes the magnitude of the maximum strain. Terms up to
O."/ will be kept in the strain-displacementrelationships.A devel-
opment keeping terms of higher order shows a negligible in� uence
on the axial force–twist relationship.2

The Lagrangian strain tensor components are de� ned as3

2"i j D gi j ¡ hi j .8/

where gi j and hi j are the metric tensor components associatedwith
the � nal and initial states, respectively,

gi j D @r
@x i

¢ @r
@x j

; h i j D @r0

@x i
¢ @r0

@x j
D ±i j

.x1 D x; x2 D y; x3 D z/ (9)

Substitute Eqs. (1) and (3) into Eqs. (8) and (9) to get, for the
engineering strain components,

"x x D "0 C
1

2
µ 2 C 2µµ0 y2; "yy D

@V

@y
; "zz D

@W

@z
(10)

°xz D @U

@z
; °yz D @V

@z
C @W

@y
; °x y D @U

@y
¡ 2µ z

Because the strip is thin, the transverse shear strain components
in Eq. (10) will be approximated by their average through-the-
thickness values

°yz D °yz.y/; °x z D °x z.y/ .11/

Moreover, the normals are assumed to be inextensible, that is,

"zz D 0 .12/

Allowing for nonzero transversenormal strain is shown in Ref. 1 to
have a negligible in� uence on the axial force–twist predictions.

Integrate the third, fourth, and � fth equations in Eq. (10) and use
the approximation in Eqs. (11) and (12) to get

U D U0.y/ ¡ zU1.y/; V D V0.y/ ¡ zV1.y/; W D W0.y/

(13)

Substituting Eq. (13) into Eq. (10), the strain components can be
expressed as

"x x D "0
x x D "0 C 1

2
µ 2 C 2µµ0 y2

"yy D "0
yy ¡ z·yy D @V0

@y
¡ z

@V1

@y
; "zz D 0

(14)

°yz D ° 0
yz D @W0

@y
¡ V1; °x z D ° 0

x z D ¡U1

°x y D ° 0
x y ¡ z·x y D

@U0

@y
¡ z

@U1

@y
C 2µ

Superscript 0 associated with the strain components in Eq. (14)
denote middle surface values.

Equilibrium Equations
The equilibrium equations and associated boundary conditions

are derived from the principle of virtual work. For a cantilevered
strip subjected to an axial force F and a torque M , the principle of
virtual work is written as

±U ¡ M±µ ¡ F±"0 D 0 .15/

The variation of the strain energy per unit length is expressed as

±U D
b

¡b

dy
h=2

¡h=2

¾ i j ±"i j
p

g dz .i; j D x; y; z/ .16/

where ¾ i j are the second Piola–Kirchhoff stress tensor components.
Summation over the repeated indices is assumed. The Jacobian

p
g

can be represented as

p
g D @r0

@x
¢ @r0

@y
£ @r0

@z
D 1 .17/

if terms of O."/ are neglected compared to 1.
The forcesandmomentsperunitmiddlesurfacelengtharede� ned

as

.Nx x ; Nyy ; Q y; Qx ; Nx y; Mx x ; Myy ; Mx y/

D
h=2

¡h=2
.¾x x ; ¾yy ; ¾yz ; ¾x z; ¾x y ; z¾x x ; z¾yy ; z¾x y/ dz (18)

where the subscripts do not denote covariant tensor components.
Substitute from Eqs. (14), (16), and (17) into Eq. (15) and use

Eq. (18) to get

Nyy D Q y D Nx y D Myy D 0 (19)

Mxy jy D §b D 0 (20)

@Mx y

@y
¡ Q x D 0 (21)

b

¡b

Nx x dy D F (22)

b

¡b

Nx x y2.µ C µ0/ ¡ 2Mxy dy D M (23)

The term Nx x y2.µ C µ0/ in Eq. (23) represents the contribution of
the axial forces to the twisting moment. This term was shown in
Ref. 1 to have a major contribution to the nonlinear behavior in the
axial-force twist relationship.
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Constitutive Relationships
The constitutive relationships for the laminated composite strip

are expressed as

Nx x

Nyy

Nx y

Mx x

Myy

Mx y

D

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

"0
x x

"0
yy

° 0
x y

¡·x x

¡·yy

¡·x y

¡

Nx x

Nyy

Nx y

Mx x

Myy

Mx y

HT

(24)

Q y

Q x
D

A44 A45

A45 A55

°yz

°x z
(25)

Equations (24) and (25) are similar to the constitutive relationships
of classical lamination theory. The strains and curvatures account
for � nite twist as de� ned in Eq. (14). The in-plane Ai j , coupling
Bi j , and bending Di j stiffness coef� cients are de� ned as

.Ai j ; Bi j ; Di j / D
h=2

¡h=2

NQ i j .1; z; z2/ dz .26/

where NQ i j are the laminateplane stress reducedstiffnesscoef� cients
in the x; y; z coordinatesystem.4 Note that Eq. (12) implies for each
lamina that

E33 ! 1; º13 D º23 D 0 .27/

where indices1, 2, and 3 are the principalmaterial axes and E33; º13,
and º23 are Young’s modulus and Poisson’s ratios associated with
the transverse normal direction. Therefore, the in-plane stiffness
coef� cients NQ i j canbecalculatedusingtheplanestressassumption.4

The hygrothermal forces and moments per unit middle surface
length, denoted with superscript HT in Eq. (24), are de� ned as

Nx x

Nyy

Nx y

HT

;

Mx x

Myy

Mx y

HT

D
h=2

¡h=2

NQ11
NQ12

NQ16

NQ12
NQ22

NQ26

NQ16
NQ26

NQ66

£
®x x ¯x x

®yy ¯yy

®x y ¯x y

1T

1H
.1; z/ dz (28)

The linear coef� cients of thermal expansion and moisture swelling
are denoted by ®i j and ¯i j , respectively.The change in temperature
is denoted by 1T and in moisture weight gain percentage by 1H .

For antisymmetricstackingsequencesproducingextension– twist
coupling, the following stiffness coef� cients in Eq. (24) vanish:

A16 D A26 D A45 D D16 D D26 D B11 D B22 D B12 D B66 D 0
(29)

As a result the constitutive relationships take the following decou-
pled form:

Nx x

Nyy

Mx y

D
A11 A12 B16

A12 A22 B26

B16 B26 D66

"0
x x

"0
yy

¡·x y

¡
Nxx

Nyy

Mx y

HT

(30)

Nx y

Mx x

Myy

D
A66 B16 B26

B16 D11 D12

B26 D12 D66

° 0
x y

¡·x x

¡·yy

¡
Nx y

Mx x

Myy

HT

Q y D A44°yz ; Q x D A55°x z (31)

Substituting from Eqs. (19) and (14), Eqs. (30) and (31) reduce to

Nx x

Mx y
D

Ã11 Ã12

Ã12 Ã22

"0 C 1
2 µ 2 C 2µµ0 y2

¡
@U1

@y
¡ 2µ

¡
±1

±2
(32)

Q x D ¡A55U1 (33)

where

Ã11 D A11 ¡
A2

12

A22
; Ã22 D D66 ¡

B2
26

A22
; Ã12 D B16 ¡

A12 B26

A22

(34)

±1 D N HT
x x ¡

A12

A22
N HT

yy ; ±2 D MHT
x y ¡

B26

A22
N HT

yy

The shear stiffness coef� cient A55 in Eq. (33) does not include
any correction factor. A number of shear correction factors have
been proposed. Reference 2 presents an approach for improving
the shear stiffness coef� cient in antisymmetric laminates. The in-
� uenceof A55 on the axial force– twist relationshipis shown in Ref. 1
to be small.

Induced Twist due to Curing Stresses
To predict the twist induced by the curing stresses, consider an

initially � at laminate subjected to a temperature change 1T , repre-
senting the difference between the cure temperature and the usage
temperature, with no change in moisture weight gain percentage.
Equations (22), (23), (32), and (33) take the following form:

b

¡b

N 0
x x dy D 0 (35)

b

¡b

N 0
x x µ0 y2 ¡ 2M 0

x x dy D 0 (36)

N 0
x x

M0
x y

D
Ã11 Ã12

Ã12 Ã22

"0
0 C 1

2 .µ0 y/2

¡ @U 0
1

@y
¡ 2µ0

¡
N±1

N±2

1T (37)

Q0
x D ¡A55U

0
1 (38)

Superscript 0 is associated with the curing stress resultants. The
pretwist rate associated with the curing stresses is denoted by µ0

and

N±1

N±2

1T D
±1

±2
.39/

where ±1 and ±2 are de� ned in terms of the thermal forces and
moments in Eq. (34). Substitute Eqs. (38) and (37) into Eq. (21) to
get

Ã22
@2U 0

1

@y2
¡ A55U

0
1 D Ã12µ

2
0 y .40/

Solve Eq. (40) and enforce the free twisting moment conditions
at the free edges, Eq. (20), to get the following expression for the
warping function:

U 0
1 D sinh sy

Ã22s cosh sb
Ã12"

0
0 ¡ 2Ã22µ0 C Ã12

Ã22

A55
C

b2

2
µ 2

0

¡ N±21T ¡
Ã12

A55
µ 2

0 y (41)

where

s D A55=Ã22 .42/
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Substitute Eqs. (41), (42), and (37) into Eq. (35) to get, for the axial
strain,

"0
0 D 1

k4

2Ã12k1

Ã11
µ0 ¡ 1

2
b2k3µ 2

0 C
k5

Ã11
1T .43/

where

k1 D 1 ¡ tanh.bs/

bs
; k2 D 2

3
¡ k1 1 C 2

.bs/2

k3 D 1

3
¡ Ã 2

12

Ã11Ã22
k2 C 1

3
; k4 D Ã C k1Ã

2
12

Ã11Ã22

(44)

k5 D N±1 ¡ Ã12

Ã22
.1 ¡ k1/ N±2; Ã D Ã11Ã22 ¡ Ã 2

12

Substitute Eqs. (37) and (41) into Eq. (36) and substitute for the
axial strain "0

0 from Eq. (43) to obtain the following temperature–

twist relationship:

1T .a3 ¡ a4µ0/ D 2Ãµ0 C a1µ
2
0 C a2µ

3
0 .45/

where

a1 D 3

2
bÃ11Ã22 k3 C

k2k4

k1

a2 D
b4Ã2

11

4k1
k4 k3 ¡ 2

15
¡ 2Ã 2

12k2

Ã11 A55b2
¡ k2

3

(46)

a3 D Ã12
N±1 ¡ Ã11

N±2; a4 D
b2Ã11

2k1
k3k5 ¡ 1

3
k4k6

k6 D N±1 ¡ Ã12

Ã22
.1 C 3k2/ N±2

The temperature–twist relationship corresponding to the Kirch-
hoff assumption of no transverse strains can be derived by con-
sidering the out-of-plane shear stiffness A55 to be very large and
consequently the associated shear strain ° 0

xz to vanish. This results
in U 0

1 D 0 from Eq. (14). By taking the limit as s tends to in� nity,
equivalent to A55 tending to in� nity from Eq. (42), coef� cients ki

and ai in Eqs. (44) and (46) reduce to

.k1/K D .k4/K D 1; .k3/K D ¡.k2/K D 1

3

.k5/K D .k6/K D N±1; .a1/K D .a4/K D 0 (47)

.a2/K D
b4Ã 2

11

45
; .a3/K D a3 D Ã12

N±1 ¡ Ã11
N±2

where subscript K is the simpli� ed solution based on the Kirchhoff
assumption. The associated axial strain– temperature relationship,
Eq. (43), reduces to

."0/sv D 2.Ã12=Ã11/µ0 ¡ 1
6 .µ0b/2 C . N±1=Ã11/1T .48/

and the temperature– twist relationship,Eq. (45), takes the form

1T .Ã12
N±1 ¡ Ã11

N±2/ D 2Ãµ0 C
b4Ã 2

11

45
µ 3

0 .49/

Neglecting the transverse shear strains allows for an accurate pre-
diction of the extension– twist relationship in the absence of hy-
grothermal stresses.1 The accuracy of the simpli� ed temperature–

twist relationship is assessed in the Results section by comparing
the predictions of Eqs. (45) and (49).

In the next section the axial force–twist relationship for a lam-
inate with initial twist due to the curing stresses and subjected to
mechanical loading is derived.

Axial Force–Twist Relationship
Consider a laminate with an initial twist due to curing stresses as

given by Eq. (45) or (49) and subjected to mechanical loading. The
total axial force N tot

x x , twisting moment M tot
x y , and shear force Q tot

x
per unit middle surface length can be expressed as

N tot
x x

M tot
x y

D
N 0

x x

M 0
x y

C
Nx x

Mxy

(50)

Q tot
x D Q0

x C Qx (51)

where N 0
x x ; M 0

x y , and Q0
x are the curing stress resultants, which

satisfy Eqs. (35–38). The components of the second term on the
right-hand side of Eqs. (50) and (51), Nx x ; Mx y , and Q x , are the
mechanical axial force, twisting moment, and shear force obtained
from Eqs. (32) and (33) assuming no hygrothermal stress resultants
.±1 D ±2 D 0/.

The curing axial force, shear force, and twisting moment satisfy
the differential equation (21) and boundary conditions (20), that is,

@M 0
x y

@y
¡ Q0

x D 0 (52)

M0
x y y D §b

D 0 (53)

in addition to the boundary conditions (35) and (36).
The total axial force, twisting moment, and shear force satisfy the

differential equation (21) and boundary conditions (20), (22), and
(23):

@ M tot
x y

@y
¡ Q tot

x D 0 (54)

M tot
x y y D §b

D 0 (55)

b

¡b

N tot
x x dy D F (56)

b

¡b

N tot
x x y2.µ C µ0/ ¡ 2M tot

x y dy D M (57)

Because of the small strain assumption, the dimensions of the
strip can be assumed to remain within the same bounds for the ther-
mal as well as the mechanical loading.The small warping displace-
ment ¡U 0

1 z Oi, has to be included in Eq. (1) for the position vector
in the initial state as mechanical loading is applied. Therefore, U1

in the strain-displacement relations (14) is actually the difference
between the warping functions, U1 ¡ U 0

1 . The equilibrium equa-
tions and boundary conditions are not affected by this correction.
Substitute Eqs. (50–53), (35), and (36) into Eqs. (54–57) to get

@Mx y

@y
¡ Q x D 0 (58)

Mxy jy D §b D 0 (59)

b

¡b

Nx x dy D F (60)

b

¡b

N 0
x x y2µ C Nx x y2.µ C µ0/ ¡ 2Mx y dy D M (61)

Substitute Eqs. (43) and (45) into Eq. (37) to obtain the following
expression for the curing axial force per unit length of the middle
surface:

N 0
x x D

Ã11

2
y2 ¡

b2

3
µ 2

0 C Ã12
U 0

1 .b/

b
¡

@U 0
1

@y
.62/

The underlined term on the right-hand side of Eq. (62) corresponds
to the simpli� ed solution based on the Kirchhoff assumption of no
transverse shear strains, whereas the remaining term represents the
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contributionof the shear strain and edge effect through the warping
function in Eq. (41). This contribution is expressed explicitly in
terms of temperature change and initial twist rate as

Ã12
U 0

1 .b/

b
¡ @U 0

1

@y
D Ã12

Ã11Ã22k4
1 ¡ k1 ¡ cosh sy

cosh sb

£ b31T ¡ 2Ãµ0 C Ã12
b2Ã11

3
C Ã

A55
µ 2

0 (63)

Substitute from Eq. (63) into Eq. (61) to get

b

¡b

Nx x y2.µ C µ0/ ¡ 2Mx y dy D M ¤ .64/

where

M¤ D M ¡
4

45
Ã11b5µ 2

0 µ C
2Ã12b3µ

3Ã11Ã22k4
.k1 C 3k2/

£ a31T ¡ 2Ãµ0 C Ã12
b2Ã11

3
C Ã

A55
µ 2

0 (65)

The underlined term on the right-hand side of Eq. (65) corresponds
to the simpli� ed solution. This and the following term represent the
contribution of the curing stresses to the total torque.

The axial-force twist relationship for an antisymmetric strip with
a pretwist rate µ0 resulting from the curing stress [Eq. (45) or (49)]
and subjected to an axial force F and a torque M¤ can now be
expressed in a closed form. Substitute for the mechanicalaxial force
Nx x , twisting moment Mx y , and shear force Q x from Eqs. (32) and
(33) (with ±1 D ±2 D 0) into Eqs. (58), (59), and (64) to get

"0.b4 ¡ µ0 ¡ µ/ D ¡
1

2b3Ã11k3
T ¤ C b1 ¡

4

3
b2µ0 C 2b3µ

2
0 µ

¡ .b2 ¡ 3b3µ0/µ
2 C b3µ 3 (66)

where

b1 D
4Ã22k1

b2Ã11k3
; b2 D ¡

3Ã12k2

Ã11k3
(67)

b3 D
b3

2k3
k3 ¡ 2

15
¡ 2Ã 2

12k2

b2Ã11 A55
; b4 D 2Ã12k1

b2Ã11k3

Finally, substitute Eq. (32) into Eq. (60) and use Eq. (66) to get

F.b4 ¡ µ0 ¡ µ/ D ¡
k4

b2k3
T ¤ C c1 ¡ 4

3
c2µ0 C 2c3µ

2
0 µ

¡ .c2 ¡ 3c3µ0/µ 2 C c3µ
3 (68)

where

c1 D 8Ãk1

bÃ11k3
; c2 D ¡6bÃ12 k1 C

k2k4

k3

(69)

c3 D b3Ã11
k4

k3
k3 ¡ 2

15
¡ 2Ã2

12k2

b2Ã11 A55
¡ k3

and the expressions for ki are given in Eqs. (44). If the transverse
shear strains are neglected,ki are given in Eqs. (47) and coef� cients
ci in Eq. (69) reduce to

.c1/K D
24Ã

bÃ11
; .c2/K D 0

(70)

.c3/K D
4b3Ã11

45
; .c4/K D

6Ã12

b2Ã11

where subscript K stands for the Kirchhoff assumption.

Application
Hygrothermally Stable Laminates

In Ref. 1 a set of [µ2=.µ ¡ 90/4=µ2=¡µ2=.90 ¡ µ/4=¡µ2] anti-
symmetric laminates were considered. This stacking sequence has
the following properties:

A11 D A22; B16 D ¡B26 .71/

and from Eq. (28)

N HT
x x D N HT

yy ; MHT
x y D 0 .72/

Substituting Eqs. (71) and (72) into Eq. (34), coef� cient a3 in
Eq. (46) or (47) becomes zero. From Eq. (45) or (49) this results in
zero pretwist due to the curing cycle. The same result holds if mois-
ture swelling is considered in addition to the temperature change.
This class of laminates, proposed by Winckler,5 will not warp as a
resultof changesin temperatureor moistureand is, therefore,hygro-
thermally stable. In comparison,angle-ply laminates exhibit higher
extension–twist coupling at the expense of hygrothermal stability.

Angle-Ply Laminates
A set of three [304=¡304] laminates was manufactured from

T300/954-3 graphite/cyanate material system. The dimensions of
the laminate were 298 £ 25:3 £ 0:56 mm. The material properties
are listed in Table 1. In-planeYoung’s moduli E11 and E22 and Pois-
son’s ratio º12 were obtainedfrom testsof eight-plyunidirectional0-
and 90-deg couponsunder uniaxial tension loadingand the in-plane
shear modulus from 45-deg coupons.

The thermal expansioncoef� cients ®1 and ®2 were � rst measured
using a thermomechanical analyzer. Unidirectional [0]8 and [90]8

couponswith dimensions25:4£6:4£0:56 mm were cut from 298£
25:4 £ 0:56 mm strips and heated. The extension-vs-temperature
curves varied with each coupon depending on the location from
which it was cut and were not consistently linear. As a result, the
measured slopes showed signi� cant scatter.

An alternative method developed in this work accounts for the
overall laminate properties. In this method, unidirectional 0- and
90-deg laminatesare each bondedto a steel shim stockwith a known
coef� cientof thermalexpansion.The bimaterialstrip is thenexposed
to a change in temperature in a cantilevered setup. The coef� cients
of thermal expansion along the principal material directions are
determined from the measured tip displacement.A derivationof the
relationship between the coef� cients of thermal expansion and tip
displacements is provided in the Appendix.

Two [0]2 and [90]2 laminates were each cocured to a 0.44-mm
steel shim. The dimensions of each bimaterial strip were 279:4 £
22:2 £ 0:58 mm. Young’s modulus and Poisson’s ratio for the steel
shim are 190.3 GPa (27.6 Msi) and 0.3, respectively, and the coef-
� cient of thermal expansion is 17.28 m"/±C. Each bimaterial strip
was clamped from one end over a distance of 38 mm in a cantilever
� xture and placed in an industrialovenwith a glass door.The tip de-
� ection was monitoredas the strip was heated. Readings were taken
within a temperaturerange from 100±F (37:8±C) to 225±F (107:2±C)
at 25±F (13:9±C ) intervals. Two tests were performed using each
strip, and the data showed consistent trends and were repeatable.
The thermal expansion coef� cients in Table 1 are the average val-
ues obtained from all four tests for each principalmaterial direction.

After curing, the measured end twists were 63.2, 62.2, and
64.9 deg with an average value of 63.4 deg for a temperature vari-
ation 1T D ¡138±C, corresponding to the cooling process from
cure temperature to room temperature.The predictionsof Eqs. (45)

Table 1 Properties of T300/954-3
graphite/cyanate material system

E11 D 135:6 GPa (19.7 Msi)
E22 D E33 D 9:9 GPa (1.4 Msi)
G12 D G13 D 4:2 GPa (0.6 Msi)

G23 D 2:5 GPa (0.36 Msi)
º12 D º13 D 0:3

º23 D 0:5
®1 D 4:34 m"/±C (2.41 m"/±F)
®2 D 37:0 m"/±C (20.6 m"/±F)

Ply thickness = 0.073 mm (0.00287 in.)
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Fig. 2 Comparison of analytical and � nite element solutions with test
data.

and (49) are 64.4 and 64.0 deg, respectively, corresponding to 1.6
and 1.0%differencesrelative to the average test data.The prediction
of the linear theory, correspondingto the � rst term on the right-hand
side of Eq. (49), is 101.5deg, resultingin a 60.1%differencerelative
to the average test data.

A nonlinear � nite element analysis was performed with thermal
and axial loading using the ABAQUS code. The element used was
an S4R quadrilateral shell element. The total number of elements
was 200, correspondingto 691 nodes and 4146 degrees of freedom.
A temperaturedecrementof 138±C was � rst applied in the analysis,
and the resulting twist was 65.8 deg. This corresponds to a 3.9%
difference relative to the average test data. Axial load was then in-
cremented,and the associatedend rotationwas computed at speci� c
intervals. Figure 2 shows the end twist vs applied axial load as pre-
dicted by the � nite element analysis and the closed-form solution,
Eqs. (68) and (65) with zero applied torque M . The prediction of
the simpli� ed solution labeled “closed-form, no transverse shear
strains” in Fig. 2 and corresponding to the underlined term only in
Eq. (65) is indistinguishablefrom the full solution. Also appearing
in Fig. 2 are the test data from the three laminates.

The testing was performed in an Instron machine using the
patented rotational displacement apparatus6 developed in Ref. 7.
This apparatus uses air as a bearing medium to allow for free end
twist as axial load is applied. The apparatus � ts into a universal
testing machine with one end of the laminate clamped to its shaft
and with the other to the testing machine. A differential pressure is
applied to the apparatus, and the resultant load is measured by the
testing machine load cell. The angle of twist was measured over a
25.4-cm (10-in.) gauge length and was read by a digital display.

One challengingfeature for testing these highly pretwisted lami-
nates is their stability.Equation (66) indicatesthat their effectivetor-
sional rigidity dependson the axial strain. Therefore, the pretwisted
strips are prone to torsion–bending instability when axial load is
applied. This is more signi� cant in angle-ply laminates such as
[30=¡30] due to their relatively low axial stiffness. To eliminate
any compressive preload, the air bearing apparatus was placed at
the lower end of the laminate. The repeatabilityof the data from the
three specimens illustrates the ability of the air bearing apparatus
to accommodate such highly pretwisted laminates. The correlation
coef� cients for the � nite element, closed-form full solution, and
Saint Vénant-type solution in Fig. 2 are 0.960, 0.975, and 0.988,
respectively.

Finally an assessmentof the in� uenceof the curingstresseson the
extension– twist coupling in the [304=¡304] angle-ply laminates is
performed.The contributionof the curingstresses to the total torque
in the axial force– twist relationship is representedby the difference
between M ¤ and M in Eq. (65). Because the laminate is subjected
to axial force only and is free to twist, the torque M D 0. Figure 3
shows a comparison between the predictions of the full solution
in Eq. (68) with M¤ given in Eq. (65) and the solution neglecting
curing stresses, i.e., M ¤ D M D 0. Neglecting the contributionof the
curing stresses could lead to a percentage error as high as 20%.

Fig. 3 In� uence of curing stresses on the axial force–twist behavior.

Conclusion
A � nite displacementmodel for the predictionof extension– twist

coupling in pretwisted laminated composite strips in the presence
of hygrothermal stresses is developed. A closed-form expression
for the initial twist associated with the curing stresses in antisym-
metric laminates is obtained, and the contributionof the transverse
shear strains is isolated. A closed-form solution for the axial-force
twist relationship is derived. An assessment of the accuracy of the
developed solution is provided through comparison of predictions
with a nonlinear � nite element solution and test data from antisym-
metric angle-ply laminates made of graphite/cyanate material. The
predictions of the developed solution are in good agreement with
the test data and � nite element simulation.It is found that neglecting
transverseshear strainshas a negligible in� uence on the results.The
in� uence of the curing stresses on the axial force– twist behavior is
signi� cant.

Appendix: Determination of the Thermal
Expansion Coef� cients

Considera thin bimaterial strip made out of a unidirectionalcom-
posite laminate of thickness h1 and plane stress reduced stiffness
coef� cients Q.1/

i j , bonded to an isotropic layer of thickness h2 , with
Young’s modulus E and Poisson’s ratio º. The plane stress reduced
stiffness coef� cients of the isotropic layer will be denoted by Q.2/

i j .
The strip has a length L and total thickness h and is supported in
a cantilevered con� guration and subjected to a temperature change
1T . A straight line element perpendicular to the middle surface
of the strip is assumed to remain straight, normal to the deformed
middle surface, and inextensible. The curvatures associated with
the deformed middle surface are assumed constant. The strains and
curvatures are assumed small, that is,

"0
max; h·max ¿ 1 .A1/

where "0
max and ·max are the maximum values of the middle surface

strains and curvatures.
The constitutive relationshipsfor the strip, Eq. (24), simplify to

Nx x

Nyy

Mxx

Myy

HT

D

A11 A12 B11 B12

A12 A22 B12 B22

B11 B12 D11 D12

B12 B22 D12 D22

"0
x x

"0
yy

¡·x x

¡·yy

.A2/

where

Ai j D h1 Q.1/

i j C h2 Q.2/

i j ; Bi j D .h1h2=2/ Q.1/

i j ¡ Q.2/

i j

Di j D 1
12

h1 h2
1 C 3h2

2 Q.1/

i j C h2 h2
2 C 3h2

1 Q.2/

i j

(A3)
N HT

i i D h1®
.1/

j Q.1/

i j C h2®
.2/

j Q.2/

i j 1T

MHT
ii D .h1h2=2/ ®

.1/
j Q.1/

i j ¡®
.2/
j Q.2/

i j 1T .i D x; y/
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Summation over index j is implied in the expressions for Nii and
Mii . A reference rectangularCartesian coordinate system x; y; z is
adopted for convenience with y–z coinciding with the strip cross
section. The x axis is taken along the strip central axis. The strip is
� xed at x D 0 and free at x D L . The transversede� ection at the free
endpoint x D L ; y D 0 is expressed as

wL D 1

·x x
[1 ¡ cos.·x x L/] ¼ ·x x L2

2
.A4/

where the transverse displacement is approximated by the small
displacementrelationshipby considering·x x L2=12 negligiblecom-
paredto 1. SubstitutefromEq. (A3) into (A2)and solve for·x x to get
a linear function in terms of the coef� cients of thermal expansion:

·x x D ®c.1/

0 C ®1c.1/

1 C ®2c.1/

2 .A5/

where ® is the linearcoef� cient of thermalexpansionof the isotropic
layer and ®1 and ®2 are the linear coef� cients of thermal expansion
along the principal material directions.Coef� cients c.1/

i are de� ned
in terms of the stiffness coef� cients of the bimaterial strip:

c.1/

0 D ¡h2
E

.1 ¡ v/
b11 C b12 ¡

h1

2
.d11 C d12/ 1T

c.1/

1 D ¡h1 Q.1/

11 b11 C Q.1/

12 b12 C
h2

2
Q.1/

11 d11 C Q.1/

12 d12 1T

(A6)

c.1/

2 D ¡h1 Q.1/

12 b11 C Q.1/

22 b12 C
h2

2
Q.1/

12 d11 C Q.1/

22 d12 1T

where

a11 a12 b11 b12

a12 a22 b12 b22

b11 b12 d11 d12

b12 b22 d12 d22

D

A11 A12 B11 B12

A12 A22 B12 B22

B11 B12 D11 D12

B12 B22 D12 D22

¡1

(A7)

By measuring the transverse displacement wL from two bima-
terial strips, one with a [0] unidirectional laminate and the other
with a [90] laminate, each cocured to a steel shim, the coef� cients
of thermal expansion ®1 and ®2 could be determined. Denote the
curvature associatedwith the [0] strip by · .1/

x x . Its relationship to the
coef� cients of thermal expansion is given in Eqs. (A5) and (A6).
The curvature associated with the [90] strip is given by

· .2/
x x D ®c.2/

0 C ®1c.2/

1 C ®2c.2/

2 .A8/

where

c.1/

0 D ¡h2
E

.1 ¡ v/
b12 C b22 ¡

h1

2
.d12 C d22/ 1T

c.1/

1 D ¡h1 Q.1/

11 b12 C Q.1/

12 b22 C
h2

2
Q.1/

11 d12 C Q.1/

12 d22 1T

(A9)

c.1/

2 D ¡h1 Q.1/

12 b12 C Q.1/

22 b22 C
h2

2
Q.1/

12 d12 C Q.1/

22 d22 1T

Solve Eqs. (A5) and (A8) to get

®1

®2
D 1

c.1/

1 c.2/

2 ¡ c.2/

1 c.1/

2

c.2/

2 ¡c.1/

2

¡c.2/

1 c.1/

1

· .1/
x x ¡ ®c.1/

0

· .2/
x x ¡ ®c.2/

0

(A10)

A simpli� ed one-dimensionalmodel could be derived by assum-
ing the cross section of the strip to be rigid. This is achieved by
neglecting Poisson’s contribution to the stiffness coef� cients:

Table A1 Comparison of thermal coef� cients from one-dimensional
and two-dimensional analyses

Equation ®1 ®2

Two dimensional, Eq. (A10) 4:34 £ 10¡6=±C 37:0 £ 10¡6=±C
One dimensional, Eq. (A13) 4:35 £ 10¡6=±C 36:2 £ 10¡6=±C

Q.1/

12 D Q.2/

12 D A12 D B12 D D12 D 0 .A11/

Consequentlycoef� cients c.1/

2 and c.2/

1 in Eqs. (A5) and (A8) vanish.
The remaining coef� cients simplify to

c.i/
0 D ¡c.i /

i D 6.h1 C h2/1T
Eii h1

Eh2
C 4 h2

1

C
Eh2

Eii h1
C 4 h2

2 C 6h1h2 .i D 1; 2/ (A12)

In this case, the two equations in (A10) decouple and the [0] strip
provides ®1 , whereas the [90] strip provides ®2 . Substitute from
Eq. (A12) into Eq. (A10) with c.1/

2 D c.2/

1 D 0 to get the following
expressions for the thermal expansion coef� cients in terms of the
transverse displacement:

®i D ® ¡ wL

3L2

E ii h1

Eh2
C 4 h2

1 C
Eh2

Eii h1
C 4 h2

2 C 6h1h2

.h1 C h2/1T .i D 1; 2/ (A13)

An assessmentof the two-dimensionaland one-dimensionalanal-
yses in Eqs. (A10) and (A13) is providedby comparingtheir predic-
tions for the [0] and [90] graphite/cyanate-steelstrips. The average
curvaturesobtained from the test data for 1T D 55:6±C (100±F) are

·x x D 0:0948= m; ·yy D ¡0:456= m .A14/

The associated coef� cients of thermal expansion as predicted by
Eqs. (A10) and (A13) are given in Table A1.
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